A Quick Review of Integration.

1. Integrating by sight: recognizing the integrand as the derivative of something else.
2. Checking your work: a. by taking the derivative and or b. with Mathematica.
3. Indefinite integrals (general antiderivatives) and definite integrals (evaluate the value of an antiderivative at the lower

bound and subtract from the value of that antiderivative at the upper bound.)

_1.2 7 _ 1,27 192 132 _ 49 9 _ 40 _
eg [xdx=-x*+Cso [jxdx=-x?3=272 232 =——~ 20

4. Constant multiple rule [ kf (x)dx = k [ f(x)dx and sum-difference rule [(f(x) + g(x))dx = [ f(x)dx + [ g(x)dx

5. u-substitution: the chain rule backwards % f(g(x) = f'(9(x))g’ (x) (the derivative of the outside evaluated at the
inside times the derivative of the inside.) To go backwards, look for one function, g(x), inside another function, f(x),
with g'(x) multiplying dx. Set u = g(x). Then du = g'(x)dx.

6. Integration by parts: the product rule in reverse. The product rule says % (f()glx) = f'()glx) + f(x)g'(x)

If you integrate both sides w.r.t. x, you get f(x)g(x) = [ f'(x)g(x)dx + [ (f(x)g'(x)dx. Rearranging gives

[f(x)g' (x)dx = f(x)g(x) — [ f'(x)g(x)dx. The lets you trade in one integral for a product minus a different integral.
If the new integral, is easier, you win! When integrating a product, look for one factor that gets nicer (or no worse) when

you differentiate it and one factor that gets nicer (or no worse) when you integrate it.
7. Advanced techniques: using a trig identity or trig substitution, partial fraction decomposition.

1. Sight Practice: write the derivatives of x™, e**, In|x|, sin(x), cos(x), tan(x), sec(x), cot(x), and csc(x), then use
these to find [ x"dx,n # —1,
[x71dx, [ ek* dx, [ sin(x) dx, [ cos(x) dx,

[ sec?(x) dx, [ sec(x) tan(x)dx, [ csc?(x)dx, [ esc(x) cot(x)dx

2a. Check the following antiderivatives by differentiating the right-hand side:
) 2L g = %lnlx2 +2x|+C [ tan(x) dx = — In|cos(x)| + C [ cot (x)dx = In|sin(x)| + C

x2+2x

2b. Install Mathematica using the instructions here https://www.byui.edu/mathematics/student-resources/mathematica
Try typing Integrate[Cot[x], x] and then Shift-Enter. Notice that Mathematica always capitalizes names of built-in
functions (like Integrate and Cot.) Arguments to functions go in square brackets "[" and "]", not parentheses. What's the
difference between executing Integrate[y*Cot[x], x] and executing Integrate[y*Cot[x], y]? Why?

Now type D[x"5, x] and then Shift-Enter. What does the built-in function "D" do?

3. Evaluate the following definite integrals: f; sin(x) dx, [ f % dx, fob e 3% dx, fooo e 3% dx

4. Evaluate fos 2x3 — 5x + 4dx
5. Evaluate the following using a u substitution

2
j xsin(2x2)dx (1 _cost | sinLdr j x’ (x4 —~ 1)z dx J izcosz(lJ dx
2 2 X X
J !l+\/;! d J tan® xsec? x dx j 6cost t secztanzdz

Jx (2+sint) Vsecz

6. Evaluate the following using integration by parts

J tcos(t)dt f x* sin x dx j x’ Inxdx J sin” ydy J e’ cosydy

1



KEY:
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1. Sight Practice: write the derivatives of Ex" =nx" 1,

i kx _ kx i _1 i i — i — —qj
e = ke'*, ™ Inx = ” ™ sin(x) = cos(x), ™ cos(x) = —sin(x),
a = sec? a = a = —cscl(x), L =
™ tan(x) = sec*(x), ™ sec(x) = sec(x) tan(x), ™ cot(x) = —csc?(x), ™ csc(x) = —csc(x) cot(x)
n+1

then use these to find [ x"dx = );T +Cn=#—1, [x"1dx =1In|x| + C,

kx
[ ek dx = eT +C, [sin(x)dx = —cos(x) + C, [ cos(x)dx = sin(x) +C, [ sec?(x) dx = tan(x) + C,
[ sec(x) tan(x) dx = sec(x) + C, [ c¢sc?(x) dx = — cot(x) + C, [ esc(x) cot(x) dx = —csc(x) + C

2a. Check the following antiderivatives by differentiating the right-hand side:

fx::;x dx = %lnlx2 +2x|+C [ tan(x) dx = — In(cos(x)) + C [ cot (x)dx = In|sin(x)| + C

2b. Install Mathematica using the instructions here https://www.byui.edu/mathematics/student-resources/mathematica
Try typing Integrate[Cot[x], X] and then Shift-Enter. Notice that Mathematica always capitalizes names of built-in
functions (like Integrate and Cot.) Arguments to functions go in square brackets "[" and "]", not parentheses. What's the
difference between executing Integrate[y*Cot[x], x] and executing Integrate[y*Cot[x], y]? Why?

Now type D[x"5, x] and then Shift-Enter. What does the built-in function "D" do?

3. Evaluate the following definite integrals: f; sin(x)dx = —cos(x)|f = —(—-1) = (-1) = 2,

e
1
f —dx = Inlxllf = In(e) ~In(1) =1 -0 = 1,
1

b
fbe—3x . e 3% e=3b  _o0 | _e-3b
X = = —_ = )
0 3 |, 3 3 3
A definite integral is only defined over a finite interval, but when one of the bounds is infinite, we can integrate up to a

. . e . (b . 1-e73P
finite bound, and then take the limit as that bound goes to infinity: [ Ooo e3* dx = lglm fo e3¥dx = tllm L Z = %
—00 —00




415 5.5
4. Evaluate [7 223 — Sx+ 4dx = 2 [T 2% — [ 5x+ 4 [T dx =25 — 55| +4xlf =22 -2 4 20 = 270
0 0

Check: Integrate[2 * x*3 — 5x + 4, {x, 0,5}]
5. Evaluate the following using a u substitution
j xsin(ZxZ)dx Notice the derivative of 2x?2 is 4x which is close to the xdx we have. So set u = 2x?

Then du = 4xdx or xdx = idu

cos(u) cos(ZxZ)

Now rewrite the integral in terms of u to get [ isin (W) du = + C. Substituting back gives — +C

2
t .t .. .. . . C
J (1 —cos—) s1n5dt Because the derivative of cosine is -sine, and we have sine multiplying df, we setu = 1 —

cos (2) Then du = —sm (2) dt or sin (2) dt = 2du . Now use our expressions for u and du to write the integral

3
3 2(1-cos(3t
completely in terms of u: [ 2u?du = 2% + C. Substituting back gives % +C

j x3(x4 —1)2 dx . The derivative of x* is 4x3, which is close to x3, so set u = x* — 1. Then du = 4x3dx or x3dx =

(x*-1)° -1)

2
%du. Substituting to write the integral entirely in terms of u gives fuT du = + C = 5

1 1 o 1. -1 1 -1 1 . . .
j —cosz(—) dx . The derivative of = is — so set u = =. Then du = — dx or — dx = —du. Using this to write the
2 X x X x x x

integral completely in terms of u gives — [ cos?(u) du. Integrating cos?(u) requires the trig identity cos?(u) = % +

—cos(Zu) so — [ cos?(w)du = ——fdu ——fcos(Zu) du = ——u ——sm(Zu) +C= ——x——sm( )+ C

\/; 2vx 2vx Vx
(1+\/—)

J de The derivative of Vx is L sosetu =1 ++/x. Thendu = de or L dx = 2du. Writing the integral

in terms of u gives [ 2u3du ——u +C = +C
f tan” xsec’ xdx The derivative of tan(x) is sec?(x) so set u = tan(x). Then du = sec?(x) dx. Writing the integral

tan3(x)
3

3
in terms of just u gives [ u?du = u? +C = +C

J 6LStzdt. The derivative or 2 + sin(t) is cos(t),so set u = 2 + sin(t). Then du = cos(t) dt and the integral
(2+smt)
6 _ -3 2,2 3 - -3
becomes fus =[6u3du=-3u"?+C= S tC= Grsin)? T ¢
secztanz

VS€Cz

integral becomes f% = [u2du=2u'?+C=2Vyu+C=2Jsecz+C

dz The derivative of sec(z) is sec(z) tan(z), so set u = sec(z). Then du = sec(z) tan(z) dz and the

6. Evaluate the following using integration by parts

J tcos(m)dt. There derivative of ¢ is 1 (which is simpler) and the integral of cos(¢) is sin(¢) (not more complicated) set

u=tand dv = cos(mt) dt. Thendu = 1dtandv = %sin(nt), so integration by parts says that



[ tcos(mt) dt = %tsin(ﬂt) - f%sin Tt dt =%tsin(nt) + %cos ntdt + C
f x> sinxdx . Setu = x?

and dv = sin(x) dx

Then du = 2xdx

and v = —cos(x)

so integration by parts says that [ x? sin(x) dx = —x? cos(x) — [ —2x cos(x) dx = —x? cos(x) + [ 2x cos(x) dx

We need to apply integration by parts a second time to find [ 2x cos(x) dx

Setu = 2x

and dv = cos(x)dx.

Then du = 2dx

and v = sin(x) and integration by parts says [ 2x cos(x) dx = 2x sin(x) — [ 2 sin(x) dx
= 2x sin(x) + 2cos(x) + C

Putting it all together gives [ x? sin(x) dx = —x? cos(x) + 2x sin(x) + 2 cos(x) + C

j x’Inxdx The derivative of In x is i, which will combine nicely with the antiderivative of x3. Set u = In x and set
1

3 dx x*
dv = x°dx. Then du =7andv =

. 4-l 4 4-l 3 4-l 4
Integration by parts saysthatfx3lnxdx=x nx—fj:—xdx=x L 2 rrxr z

X
4 4 4 16

J sin” ydy. If we knew the antiderivative of sin™*(y),

we would be done. Apparently we don't, so set u = sin"1(y). Then dv = dy.

Then du = Y

1 _ . . .1 _ P} _
7 and v = y. Integration by parts gives [ sin~1(y) dy = ysin~1(y) f\/l__yzdy.

To find [ 1y =dy,setu =1-— y? sothatdu = —2ydy or ydy = —%du. Writing the integral in terms of u gives
-y
f—%du = f—%u‘l/z = —ul/2 + ¢ = —\/1 — y2 + C This tells us that [ sin™*(y) dy = ysin™'(y) + J1—y2 + C

J e cosydy . Both e™ and cos y are cyclic in their derivatives (and therefore integrals). It takes two derivatives or

two integrals for cos(x) to cycle back to a multiple of cos(x), so we'll apply integration by parts twice to get back to an
integral similar to the original. We'll then be able to solve for the original integral. Don't forget to add +C'!

Setu = e and dv = cos y dy. Thendu = —e™ and v = sin y, so integration by parts says that [ e cos y dy
=eVsiny—[—eVsinydy = e Vsiny+ [e Y sinydy.Tofind [ e sinydy wesetu = e and dv =

siny dy so that du = —e™¥dy and v = — cos(y). Applying integration by parts gives [ e siny dy = —e ™ cos(y) —
[e Y cos(y) . Thus [e ™Y cosydy = e siny —e ¥ cos(y) — [e ™Y cos(y)so 2 [ e cos(y) = e ¥ siny —

e Y cos(y) so [e™V cos(y) = % e Vsiny — %e‘y cos(y) +C



